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A residually ﬁnite (proﬁnite) group G is just inﬁnite if every non-
trivial (closed) normal subgroup of G is of ﬁnite index. This paper
considers the problem of determining which (closed) subgroups of
ﬁnite index of a just inﬁnite group are themselves just inﬁnite.
If G is just inﬁnite and not virtually abelian, we show that G
is hereditarily just inﬁnite if and only if all maximal (closed)
subgroups of ﬁnite index are just inﬁnite. This result will be used
to show that a ﬁnitely generated pro-p group G is just inﬁnite if
and only if G has no non-trivial ﬁnite normal subgroups and Φ(G)
has a just inﬁnite open subgroup.
© 2010 Elsevier Inc. All rights reserved.
Deﬁnition. In this paper, all groups will be discrete groups or proﬁnite groups; in the discrete case
the words ‘open’ and ‘closed’ can simply be ignored. Say a group G is just inﬁnite if it is inﬁnite, and
every non-trivial closed normal subgroup of G is of ﬁnite index. Say G is hereditarily just inﬁnite if in
addition H is just inﬁnite for every closed subgroup H of G of ﬁnite index.
Our main aim in this paper will be to prove the following:
Theorem 1. Let G be a proﬁnite group or a discrete residually ﬁnite group. Suppose that G is just inﬁnite and
not virtually abelian. Let H be a non-trivial closed normal subgroup of G. The following are equivalent:
(i) H is just inﬁnite;
(ii) every subgroup of G containing H is just inﬁnite;
(iii) every maximal subgroup of G containing H is just inﬁnite.
(∗) In particular, G is hereditarily just inﬁnite if and only if every maximal closed subgroup of ﬁnite index is
just inﬁnite.
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Example 1. Let A be the group V  Cp , where V is a vector space of dimension p over Fp , and Cp
acts by permuting a basis of V . There is a natural aﬃne action of A on V , extending the right regular
action of V on itself; this action of A is faithful. Let K be any just inﬁnite group that is not virtually
abelian, and let G be the permutation wreath product K V A of K by A acting on V , where A acts
in the way described. Note that any group of the form K Ω P , where K is just inﬁnite and P acts
faithfully and transitively on the ﬁnite set Ω , is necessarily just inﬁnite. In particular, G is just inﬁnite,
with a closed subgroup H of index p2 of the form (K × · · · × K )  W , where W is a subgroup of V
of index p that is not normal in A. Now H is not just inﬁnite, as W does not act transitively on the
copies of K . However, the unique maximal subgroup M of G containing H is of the form K V V ; since
V acts regularly on itself, this M is just inﬁnite.
The following will be obtained as a consequence of Theorem 1, together with some known prop-
erties of just inﬁnite virtually abelian pro-p groups.
Theorem 2. Let G be a ﬁnitely generated pro-p group, such that G has no non-trivial ﬁnite normal subgroups.
Let Φ(G) denote the intersection of all maximal open subgroups of G. Then G is hereditarily just inﬁnite if and
only if Φ(G) has a just inﬁnite open subgroup.
We begin the proof of the results above with a simple application of Dietzmann’s lemma.
Lemma 3. (See Dietzmann [1].) Let G be a group and let x ∈ G. Suppose that x has ﬁnite order and ﬁnitely
many conjugates in G. Then x is contained in a ﬁnite normal subgroup of G.
Deﬁnition. The ﬁnite radical Fin(G) of a group G is the union of all ﬁnite normal subgroups of G .
Lemma 4. Let G be a group with Fin(G) = 1, and let H be a closed subgroup of G of ﬁnite index. Then
Fin(H) = 1. If H is just inﬁnite then every subgroup of G containing H is just inﬁnite, and if H is hereditarily
just inﬁnite then G is hereditarily just inﬁnite.
Proof. Any element x of Fin(H) must have ﬁnite order and ﬁnitely many conjugates in H , and hence
also in G . This means x ∈ Fin(G) by Dietzmann’s lemma, and so x = 1. We may now assume that G
is not hereditarily just inﬁnite. Then there is some closed subgroup L of G of ﬁnite index, such that
L has a non-trivial closed normal subgroup K of inﬁnite index; Fin(L) = 1 by the same argument as
given for H , so K is inﬁnite. This gives a non-trivial closed normal subgroup K ∩ H of L∩ H of inﬁnite
index; in other words, L∩ H is not just inﬁnite. As L∩ H is closed and of ﬁnite index in H , this means
that H is not hereditarily just inﬁnite. Suppose there is a subgroup M of G containing H such that M
is not just inﬁnite. Then M is closed and we can take L = M , so that H = L ∩ H ; it follows that H is
not just inﬁnite. 
Much of the existing general theory of just inﬁnite groups that are not virtually abelian is due to
J. S. Wilson, who gives an excellent account of his results on the subject in [3]. In particular, we will
be using Wilson’s concept of basal subgroups.
Deﬁnition. Given a group G and subgroups H and K , write HK for the smallest closed subgroup of
G that contains H and is normalised by K . A non-trivial closed subgroup B of G is basal if
BG = B1 × · · · × Bn,
for some n ∈ N, where B1, . . . , Bn are the conjugates of B in G . (Note that if G is a proﬁnite group,
then the product of ﬁnitely many closed subsets of G is closed; see for instance Lemma 7.2.2 of [2].)
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conjugation action of G . (Unless otherwise stated, we will always deﬁne ΩB in terms of the group G .)
Lemma 5. Let G be a proﬁnite group or a discrete residually ﬁnite group. Suppose that G is just inﬁnite and not
virtually abelian. Let K be a non-trivial closed subgroup of G such that K  KG , and let {Ki | i ∈ I} be the set
of conjugates of K in G; given J ⊆ I , deﬁne K J :=⋂{K j | j ∈ J }. Then I is ﬁnite, and there some J ⊆ I such
that K J is basal.
Proof. Since G is just inﬁnite, KG has ﬁnite index in G , so I is ﬁnite. Now let I be the set of those
I ′ ⊆ I for which KI ′ is non-trivial, let J be an element of I of largest size, and set B = K J . Suppose
Bg is a conjugate of B distinct from B . Then Bg is of the form K J ′ where | J ′| = | J |; by construction,
this means B ∩ Bg = 1, and also that B and Bg normalise each other as they are both normal in
KG , so in fact [B, Bg] = 1. Let L = BG ; now CL(B) contains all conjugates of B apart from B itself,
so L = BCL(B). Finally, note that B ∩ CL(B) = Z(L) is an abelian, and hence trivial, closed normal
subgroup of G; hence L = B × CL(B). By symmetry, this means L is a direct product of the conjugates
of B , so B is basal. 
The following lemma will quickly lead to a proof of Theorem 1.
Lemma 6. Let G be a proﬁnite group or a discrete residually ﬁnite group. Suppose that G is just inﬁnite and
not virtually abelian. Let H be a closed subgroup of G of ﬁnite index. Let B be the set of basal subgroups of G.
Then the following are equivalent:
(i) H is not just inﬁnite;
(ii) there is some B ∈ B such that H acts intransitively on ΩB and CoreG(H) acts trivially.
Proof. Assume (i), and let R be a non-trivial closed normal subgroup of H of inﬁnite index. By
Lemma 4, R is inﬁnite. Hence K = R ∩CoreG(H) is an inﬁnite closed normal subgroup of H of inﬁnite
index such that K  KG . By Lemma 5, there is a basal subgroup B of G that is an intersection of
conjugates of K ; by conjugating in G if necessary, we may assume B  K . Now CoreG(H) normalises
K and hence every conjugate of K , so CoreG(H) acts trivially on ΩB . Furthermore, the conjugates of
B contained in K form a union U of H-orbits on ΩB ; this U is non-empty as B  K , but U = ΩB
since K has inﬁnite index in KG . So H acts intransitively on ΩB as required for (ii).
Assume (ii), and let R = BH . Then R is an inﬁnite closed subgroup of BG of inﬁnite index, since
H acts intransitively on ΩB , so R ∩ H is an inﬁnite closed subgroup of H of inﬁnite index; moreover,
R ∩ H is normal in H . Hence H is not just inﬁnite, which is (i). 
Proof of Theorem 1. By Lemma 4, (i) implies (ii), and clearly (ii) implies (iii). It remains to assume
(iii) and conclude that H is just inﬁnite. Let B be any basal subgroup of G , and let M be a maximal
subgroup of G containing NG(B). Then M acts intransitively on ΩB , so by Lemma 6, M is not just
inﬁnite; thus M does not contain H . It follows that H does not normalise B , so H acts non-trivially
on ΩB ; since H is normal, so that H = CoreG(H), Lemma 6 now ensures that H is just inﬁnite, as
required. 
To prove Theorem 2, we must also brieﬂy consider virtually abelian pro-p groups. The following is
well known:
Proposition 7. Let G be a pro-p group, let A be the group generated by all abelian open subgroups of G, and
suppose A = 1. Then G is just inﬁnite if and only if the following conditions are satisﬁed:
(i) CG(A) = A ∼= Zdp for some d ∈ N;
(ii) G/A acts on A as a matrix group with entries in Zp that is irreducible over Qp .
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group induced on any system of imprimitivity has a maximal intransitive subgroup. Otherwise we can
appeal to the classiﬁcation of primitive Qp-representations of ﬁnite p-groups, due to Leedham-Green,
McKay and Plesken. This will complete the proof of Theorem 2.
Theorem 8 (Leedham-Green, McKay and Plesken). (See [2, Theorem 10.1.25].) Let P = 1 be a ﬁnite p-group
with a faithful primitive representation over Qp . Then either P is Cp acting in dimension p − 1, or p = 2 and
P is Q16 (the generalised quaternion group of order 16) acting in dimension 4.
Proof of Theorem 2. Note that Φ(G) is an open subgroup of G , since G is ﬁnitely generated. If G is
hereditarily just inﬁnite then Φ(G) is just inﬁnite. Conversely, suppose some open subgroup of Φ(G)
is just inﬁnite. Then by Lemma 4 every subgroup of G containing Φ(G) is just inﬁnite, including G
itself and all of its maximal subgroups. If G is not virtually abelian, then G is hereditarily just inﬁnite
by Theorem 1.
Now suppose G is virtually abelian; let A and d be as in Proposition 7. Since the corresponding
subgroup of G is just inﬁnite, Φ(G/A) must act irreducibly over Qp ; hence G/A is primitive over Qp .
Given Theorem 8, there are now four cases to consider:
(a) G = Zp ;
(b) G ∼= Z2  C2;
(c) G/A ∼= Cp and d = p − 1 > 1; and
(d) G/A ∼= Q16 and d = 4.
In cases (c) and (d) we have |Φ(G/A)| d and d > 1, which means that Φ(G/A) is too small to act
irreducibly, a contradiction. Thus (a) or (b) holds; in both cases G is hereditarily just inﬁnite. 
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